Numerical solution of the modified equal width wave equation is obtained by using lumped Galerkin method based on cubic B-spline finite element method. Solitary wave motion and interaction of two solitary waves are studied using the proposed method. Accuracy of the proposed method is discussed by computing the numerical conserved laws L 2 and L ∞ error norms. The numerical results are found in good agreement with exact solution. A linear stability analysis of the scheme is also investigated.
Introduction
The modified equal width wave equation MEW based upon the equal width wave EW equation 1, 2 which was suggested by Morrison et al. 3 is used as a model partial differential equation for the simulation of one-dimensional wave propagation in nonlinear media with dispersion processes. This equation is related with the modified regularized long wave MRLW equation 4 and modified Korteweg-de Vries MKdV equation 5 . All the modified equations are nonlinear wave equations with cubic nonlinearities and all of them have solitary wave solutions, which are wave packets or pulses. These waves propagate in non-linear media by keeping wave forms and velocity even after interaction occurs. Few analytical solutions of the MEW equation are known. Thus numerical solutions of the MEW equation can be important and comparison between analytic solution can be made. Geyikli and Battal Gazi Karakoç 6, 7 solved the MEW equation by a collocation method using septic B-spline finite elements and using a Petrov-Galerkin finite element method with weight functions quadratic and element shape functions which are cubic B-splines. Esen applied a lumped Galerkin method based on quadratic B-spline finite elements which have been used for solving the EW and MEW equation 8, 9 . Saka proposed algorithms for the numerical solution of the MEW equation using quintic B-spline collocation method 10 .
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Zaki considered the solitary wave interactions for the MEW equation by collocation method using quintic B-spline finite elements 11 and obtained the numerical solution of the EW equation by using least-squares method 12 . Wazwaz investigated the MEW equation and two of its variants by the tanh and the sine-cosine methods 13 
Cubic B-Spline Lumped Galerkin Method
The modified equal width wave MEW equation considered here has the normalized form 3
with the physical boundary conditions U → 0 as x → ±∞, where t is time, x is the space coordinate, μ is a positive parameter, and U x, t is wave amplitude. In this study, boundary conditions are chosen from
and the initial condition
where f x is a localized disturbance inside interval a, b . The interval a, b is partitioned into uniformly sized finite elements of length h by the knots x m such that 
2.4
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cubic B-spline shape functions in terms of ξ over the element 0, 1 can be defined as
2.7
All 
2.13
In 
2.16
By assembling all contributions from all elements, 2.14 leads to the following matrix equation: 
2.18
where
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Replacing the time derivative of the parameterδ by usual forward finite difference approximation and parameter δ by the Crank-Nicolson formulatioṅ
into equation 2.17 , gives the N 3 × N 3 septadiagonal matrix system
where Δt is time step. Applying the boundary conditions 2.2 to the system 2.21 we obtain an N 1 × N 1 septadiagonal matrix system. This system is efficiently solved with a variant of the Thomas algorithm, but an inner iteration is also needed at each time step to cope with the non-linear term. A typical member of the matrix system 2.21 may be written in terms of the nodal parameters δ n and δ n 1 as 
2.25
The above conditions lead to a tridiagonal matrix system of the form
. . .
which can be solved using a variant of the Thomas algorithm.
Stability Analysis
The stability analysis is based on the Von Neumann theory in which the growth factor g of the error in a typical mode of amplitude δ n ,
where k is the mode number and h the element size, is determined from a linearization of the numerical scheme. To apply the stability analysis, the MEW equation needs to be linearized by assuming that the quantity U in the non-linear term U 2 U x is locally constant. Substituting the Fourier mode 2.27 into 2.22 gives the growth factor g of the form
2.29
The modulus of |g| is 1, therefore the linearized scheme is unconditionally stable.
Numerical Examples and Results
In this part, we consider the following two test problems: the motion of a single solitary wave and interaction of two solitary waves. All computations are executed on a Pentium 4 PC in 8
International Journal of Differential Equations the Fortran code using double precision arithmetic. For the MEW equation, it is important to discuss the following three invariant conditions given in 11 , which, respectively, correspond to conversation of mass, momentum, and energy. The accuracy of the method is measured by both the L 2 error norm
and the L ∞ error norm
to show how well the scheme predicts the position and amplitude of the solution as the simulation proceeds. The variable U n j and its first derivative appearing in 3.1 can be computed from 2.9 , respectively.
The Motion of Single Solitary Wave
For this problem we consider 2.1 with the boundary condition U → 0 as x → ±∞ and the initial condition
An exact solution of this problem is given by 11
which represents the motion of a single solitary wave with amplitude A, where the wave velocity v A 2 /2 and k 1/μ. For this problem the analytical values of the invariants are 11
International Journal of Differential Equations 9 respectively, during the time of running, whereas the changes of invariant C 3 approach to zero throughout. The computations are done until time t 20, and we find L 2 , L ∞ error norms and numerical invariants C 1 , C 2 , C 3 at various times. Results are documented in Table  1 . One may also compare our results with those in the other studies 9, 16, 18 . According to both L 2 , L ∞ error norms, agreement between numerical values and exact solution appears very satisfactorily through illustrations of three invariants and norms. Figure 1 shows that the proposed method performs the motion of propagation of a solitary wave satisfactorily, which moved to the right at a constant speed and preserved its amplitude and shape with increasing time as expected. Amplitude is 0.25 at t 0 which is located at x 30, while it is 0.249900 at t 20 which is located at x 30.6. The absolute difference in amplitudes at times t 0 and t 20 is 1 × 10 −4 so that there is a little change between amplitudes. The convergence rates for the numerical method in space sizes h m and time steps U Δt m can be calculated by following formula 9 , respectively, order 
3.7
Table 2 displays the convergence rates for different values of space size h and a fixed value of the time step Δt m . We have clearly seen that the convergence rates when Δt is fixed are not good these for size. In addition, the time rate of the convergence for the numerical method is computed with various time step U Δt m and fixed space step h in Table 3 . It can clearly be seen that the present method provides remarkable reductions in convergence rates for the smaller time. 
Interaction of Two Solitary Waves
In this section, we consider 2.1 with boundary conditions U → 0 as x → ±∞ and the initial condition
where k 1/μ. 1.4166667 and changes in C 1 , C 2 , and C 3 are less than 4.1 × 10 −3 , 4.3 × 10 −3 , and 3.6 × 10 −3 percent, respectively, as Table 4 : Invariants for the interaction of two solitary waves. can be seen in Table 4 . The experiment was run from t 0 to t 55 to allow the interaction to take place. This condition is propagated to the right with velocities dependent upon their magnitudes and a stage is reached where the larger wave has passed through the smaller solitary wave and has emerged with their original shapes. the larger wave for this algorithm. Finally, we have studied the interaction of two solitary waves with the following parameters, μ 1, x 1 15, x 2 30, A 1 −2, A 2 1 together with time step Δt 0.025 and space step h 0.1 in the range 0 ≤ x ≤ 150. The experiment was run from t 0 to t 55 to allow the interaction to take place. Figure 3 shows the development of the solitary wave interaction. As is seen from Figure 3 x 52.5, whereas the amplitude of the larger one is −2.016990 at the point x 124.3. It is found that the absolute difference in amplitudes is 0.27 × 10 −1 for the smaller wave and 0.16×10 −1 for the larger wave. The analytical invariants can be found as C 1 −3.1415927, C 2 13.3333333, C 3 22.6666667 and changes in C 1 , C 2 , and C 3 are less than 10.5 × 10 −3 , 3.7 × 10 −3 , and 10.9 × 10 −3 , percent, respectively. Table 4 lists the values of the invariants of the two solitary waves with amplitudes A 1 1, A 2 0.5, and A 1 −2, A 2 1. It can be seen that the values obtained for the invariants are satisfactorily constant during the computer run. We have also compared the computed values of the invariants of the two solitary waves with results from 9 in Table 5 . 
Conclusion
In this paper, the cubic B-spline lumped Galerkin method has been successfully applied to obtain the numerical solution of the modified equal width wave equation. The efficiency of the method was tested on two test problems of wave propagation: the motion of a single solitary wave and the interaction of two solitary waves, and its accuracy was shown by calculating error norms L 2 and L ∞ . It is clear that the error norms are adequately small and the invariants are satisfactorily constant in all computer run. The method can be also efficiently applied for solving a large number of physically important non-linear problems.
